We study surface modes at an interface separating two different layered metal-dielectric metamaterials. We demonstrate that, in a sharp contrast to the effective-medium approach predicting a single interface mode with the surface-plasmon dispersion, the transfer-matrix method reveals the existence of three types of localized interface modes, including a backward interface mode. These results confirm that metal-dielectric nanostructured metamaterials can demonstrate strong optical nonlocality due to the excitation of surface plasmon polaritons. One of the key concepts of the physics of artificial composites (or metamaterials) for electromagnetic waves is the possibility to describe their properties by effective parameters derived under the assumption that the structural elements of such a metamaterial are much smaller than the radiation wavelength. 1 The effective medium is the basis of the homogenization theory employing the averaging procedure, and it provides a physical insight into the optical response of different types of micro-and nanostructured media. 2 However, the effective medium approach does not provide a complete information, as was shown recently for plasmonic nanorod metamaterials in the epsilon-near-zero regime 3, 4 and metal-dielectric periodic structures. 5 Here, we consider another system that demonstrates a sharp difference between the approach based on an effective medium and a rigorous analysis, and study interface modes in layered structures. More specifically, we are interested in the properties of the electromagnetic surface states which exist at an interface separating two dissimilar layered metaldielectric media. Surface modes existing in such a structure can be considered as a generalization of the surface Tamm states well known for electronic systems. 6 Electromagnetic analogue of the surface Tamm states has been studied in different settings, including the waves localized at an interface separating a homogeneous and periodic dielectric media, 7 an interface between two photonic crystals, 8 or an interface between a photonic crystal and left-handed metamaterial. 9 Electromagnetic response of periodic metal-dielectric nanostructures was a subject of many theoretical and experimental studies. Such structures represent the simplest nanostructured metamaterials, and as such, they were suggested for many applications including superlenses with subwavelength resolution, [10] [11] [12] a simple realization of the so-called hyperlens, 13 as well as for nanolithography, 14 optical nanocircuits, 15 invisibility cloaks, 16 and three-dimensional negative refraction. 17 In many cases, the effective medium is a conventional and a well-accepted approach for describing optical properties of such structures, and it allows to introduce the effective permittivities and show that such structures behave as uniaxial metamaterials with the optical axis parallel to the layers.
In this letter, we demonstrate that, in a sharp contrast to the effective-medium approach predicting a single surface mode at an interface between two different periodic structures, the application of the rigorous transfer-matrix method reveals the existence of three types of localized interface modes, including a very interesting backward interface Tamm mode. These results confirm that metal-dielectric nanostructured metamaterials can demonstrate strong optical nonlocality due to the excitation of surface plasmon polaritons. We consider a nanostructured metamaterial formed by metal and dielectric layers of different thicknesses, as shown in Fig. 1 . The metal is assumed to be gold with dielectric permittivity described by the Drude model:
with plasma frequency x p ¼ 10 eV and dielectric is HfO 2 with dielectric permittivity e 2 ¼ 4. In what follows, we will consider TM polarization of light since it supports excitation of surface plasmons at metal-dielectric interfaces. When the wavelength of radiation is much larger than the thickness of any layer, one can apply the effective-medium approach based on averaging the structure parameters and introduce the effective homogeneous media for two semi-infinite periodic structures, characterized by the permittivity tensor of an uniaxial anisotropic medium of the following form: 
where (see Fig. 1 
and the indices L and R stand for the left and right semiinfinite effective media replacing the corresponding layered structures, respectively. To derive the dispersion relation for the surface modes localized at the interface between the two anisotropic media, we evaluate the tangential components of the electric and magnetic fields at the interface and obtain a single surface mode with the propagation constant
where k is a absolute value of wavevector in vacuum and b is the component of the wavevector parallel to the interface. The field should decay exponentially from the interface, otherwise the surface state mode is leaky. After substituting Eqs. (2) into Eq. (3), we obtain the dispersion relation for the interface states in the effective media approach. This dispersion relation reads
As a matter of fact, we obtain a surprising result: the dispersion of a (single) interface mode does not depend on the thicknesses of the layers, and it coincides with the dispersion of a conventional surface plasmon at a metal-dielectric interface. This dispersion function has a pole at the bulk plasmon frequency:
In what follows, we normalize the frequencies by the bulk plasmon frequency x 0 . The dispersion of the conventional surface plasmon is shown in Fig. 2 by thin solid lines. It is important that the result (4) is valid only under the condition of surface confinement which can be presented in the following form:
For simplicity, we consider the structures which have the inverse filling factors, i.e.,
In this case, the condition of the mode confinement reads
If we consider the filling factor g as a parameter, then for each value of g Eq. (6) gives us a range of frequencies where the surface mode is confined. This range of frequencies is depicted in Fig. 2 by patterned area. Two limiting cases should be mentioned. First, this is the case when the filling factor vanishes-in this case, we have a conventional surface plasmon resonance at the interface between two isotropic media, and the plasmon is confined for all frequencies. The other case is when the filling factor is unity, i.e., we have no boundary between metal-dielectric structures and there is only one infinite periodic structure. In this case, the surface state can only be confined exactly at the frequency of a bulk plasmon. Next, we employ the transfer-matrix method and obtain the exact solutions for the interface modes in such a system. First, we define the transfer matrices in the left and the right media
where T 1 and T 2 are conventional transfer matrix for single period for TM polarization 2 and arrows indicate the propagation direction. There exist two Bloch wavevectors for each transfer matrix,
where K is a Bloch vector, a ¼ L, R. We choose one which corresponds to decay of the field from the interface, i.e., one with positive imaginary part of the Bloch wavevector. We find the eigenvectors of the left and right structures which give us the Bloch-wave solutions, and then evaluate the impedances of the Bloch waves in the left and right media to obtain the equation,
We now find the dispersion relations for the surface states. Figures 2(a)-2(d) show the dispersion curves of the surface states at the interface of two metal-dielectric 2011) structures for different values of the filling factor g. One of the solutions always coincides with the conventional surface plasmon dispersion predicted by the effective medium approach, and it does not depend on the period of the structure. However, the range of existence of this surface mode is different from that predicted by the effective medium theory. At the same time, there exist two additional surface modes, and their splitting increases with decreasing the period. When the filling factor approaches unity, the frequency range where surface modes exist is shrinking, and in the limit, there will be only bulk plasmon solution with b equal to infinity, just as is predicted by the effective medium theory. We also notice that for the surface state which dispersion coincides with the effective-medium-approach result the cut-off frequency nevertheless differs sufficiently. This is due to existence of "plasmonic" band in metal-dielectric structure. There is a frequency range where propagating Bloch solutions may exist not predicted by the effective media approach. The detailed analysis of the properties of these propagating modes can be found in Ref. 5 . Figures 3(b)-3(d) show the profiles of the tangential component of the magnetic field for the three branches of the surface states. We can see that while the solution predicted by the effective medium approach is essentially a set of the uncoupled surface plasmon resonances at the metal dielectric interfaces (mode C), two other solutions (modes B and D) look like the coupled plasmonic waveguide modes. We can also notice that for the backward mode (mode D), the magnetic field is localized in the metal layers, so this mode corresponds to a guided mode of the dielectric-metal-dielectric waveguide, whereas for the forward propagating mode, the magnetic field is localized in dielectric layers, thus this surface mode is close to a waveguide mode of the coupled metal-dielectric-metal waveguide. This result is in a good agreement with the well-studied properties of the plasmonic waveguides since it is known that dielectric-metal-dielectric waveguides support backward waves, whereas metal-dielectric-metal waveguides support forward waves. 19 In conclusion, we have studied surface modes at an interface separating two different layered metal-dielectric structures. First, we have analyzed a validity of the effectivemedium method and demonstrated that this approach allows to predict only one surface mode with the dispersion that coincides with the dispersion of a surface plasmon at the boundary of two isotropic media. Next, we have applied the transfer-matrix method and found two additional surface states not predicted by the effective medium theory, including an original type of the backward interface mode. We have shown that due to strong nonlocality of this nanostructured metamaterial, the surface states exist even when the structure period is much less than the characteristic wavelength. These results suggest that metal-dielectric nanostructured metamaterials may demonstrate strong optical nonlocality due to the excitation of surface plasmon polaritons. 
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